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ALTERNATING PERMUTATIONS CONTAINING THE PATTERN
321 OR 123 EXACTLY ONCE
JOEL BREWSTER LEWIS (MIT)
Inspired by a recent note of Zeilberger [4], Alejandro Morales asked whether one
can count alternating (i.e., up-down) permutations that contain the pattern 123 or 321
exactly once. In this note we answer the question in the affirmative; in particular, we
show that
a2m(321) =
4(m− 2) · (2m+ 3)!
(m+ 1)! · (m+ 4)!
, a2m(123) =
10 · (2m)!
(m− 2)! · (m+ 3)!
and
a2m+1(321) = a2m+1(123) =
3(3m+ 4)(m− 1) · (2m+ 2)!
(m+ 1)! · (m+ 4)!
where an(p) is the number of alternating permutations of length n containing the pattern
p exactly once.
Suppose an alternating permutation w contains a single instance of the pattern 321,
say i < j < k and wi > wj > wk. As in the Noonan/Burstein/Zeilberger [2, 1, 4] case,
we conclude that w contains a unique copy of 321 if and only if the following conditions
hold:
• other than wi, the entries preceding wj in w are less than wj;
• other than wk, the entries following wj in w are greater than wj; and
• the permutations u = w1w2 · · ·wj−1wk and v = wiwj+1wj+2 · · ·wn avoid 321.
Under these conditions we have that
(1) u is an alternating permutation of length j not ending in its largest entry, and
(2) if j is odd then v is an alternating permutation not beginning with its smallest
entry, while if j is even then v is a reverse-alternating (i.e., down-up) permuta-
tion not beginning with its smallest entry.
Moreover, it’s easy to check that an alternating permutation w with a single instance of
321 is uniquely determined by the choice of 321-avoiding permutations order-isomorphic
to u and v satisfying conditions 1 and 2.
Following the lead of Deutsch, Reifegerste and Stanley [3, Problems h7 and i7], it is
a straightforward exercise to show the enumerations shown in Table 1.
It follows immediately that when n = 2m (m ≥ 2), the number of alternating
permutations of length n containing 321 exactly once is
m−2∑
j=1
Cj+1(Cm−j+1 − Cm−j) +
m−1∑
j=2
(Cj+1 − Cj)Cm−j+1 =
4(m− 2)(2m+ 3)!
(m+ 1)!(m+ 4)!
,
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type length total number ending in largest beginning with smallest valid for
UD 2ℓ Cℓ+1 Cℓ Cℓ ℓ ≥ 2
UD 2ℓ+ 1 Cℓ+1 0 Cℓ ℓ ≥ 1
DU 2ℓ Cℓ 0 0 ℓ ≥ 0
DU 2ℓ+ 1 Cℓ+1 Cℓ 0 ℓ ≥ 1
Table 1. Enumerations of 321-avoiding alternating permutations, as
well as those ending in their largest entry or beginning with their smallest
entry.
while when n = 2m + 1 (m ≥ 1), the number of alternating permutations of length n
containing 321 exactly once is
m−1∑
j=1
Cj+1(Cm−j+1 − Cm−j) +
m∑
j=2
(Cj+1 − Cj)Cm−j+1 =
3(3m+ 4)(m− 1)(2m+ 2)!
(m+ 1)!(m+ 4)!
.
The number of alternating permutations of length 2m+ 1 containing 123 exactly once
is the same as the number of alternating permutations of length 2m + 1 containing
321 exactly once, since reversing any permutation of either type gives a permutation
of the other. And a similar analysis shows that for m ≥ 2, the number of alternating
permutations of length 2m containing 123 exactly once is
10(2m)!
(m− 2)!(m+ 3)!
,
and of course this is also the number of reverse-alternating permutations of length 2m
containing 321 exactly once.
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